Duality transformations within the quantum mechanics of a finite number of degrees of freedom can be regarded as the dependence of the notion of a quantum, i.e., an elementary excitation of the vacuum, on the observer on classical phase space. Under an observer we understand, as in general relativity, a local coordinate chart. While classical mechanics can be formulated using a symplectic structure on classical phase space, quantum mechanics requires a complex-differentiable structure on that same space. Complex-differentiable structures on a given real manifold are often not unique. This article is devoted to analysing the dependence of the notion of a quantum on the complex-differentiable structure chosen on classical phase space.
Introduction

Summary
Complex differentiability on a given real manifold often admits several, mathematically nonequivalent definitions. This is of utmost importance for quantum mechanics when the latter is formulated with the aid of classical phase space. Roughly speaking, complex differentiability amounts to a declaration of what depends on z vs. what depends onz, through the Cauchy-Riemann equations. Setting z = (q + ip)/ √ 2 and z = (q − ip)/ √ 2 on classical phase space and proceeding to quantisation, z andz respectively become annihilation and creation operators of the quantum theory. Clearly, having more than one possible definition of complex differentiability on classical phase space implies having more than one notion of what an elementary quantum is. This is precisely the concept of a quantum duality [1] .
An important disclaimer is in order. The choice of a complex structure on classical phase space is not new to geometric quantisation [2] . Thus, e.g., in the particular case of Chern-Simons theory [3] , special effort is devoted to proving the independence of the quantum theory with respect to the choice of a complex structure on classical phase space. In geometric quantisation, independence of the quantum theory with respect to the complex structure can be formulated more or less as follows. There is a bundle of Hilbert spaces of quantum states over a certain base manifold. The latter is the space of all complex structures (satisfying certain natural requirements) that one can place on classical phase space. This bundle of Hilbert spaces admits a projectively flat connection. Being projectively flat, this connection allows for a canonical identification between the fibres corresponding to different choices of a complex structure.
Geometric quantisation was firmly established already in the 1980's. It never faced the notion of duality, which arose during the second superstring revolution of the mid 1990's [1] . In this paper we interpret dualities as the possibility of having different notions of what an elementary quantum is, depending on the choice of a complex structure on classical phase space. We would like to stress the fact that our conclusions do not clash with geometric quantisation. Notwithstanding the canonical identification between different fibres alluded to above, our approach to varying the complex structure is entirely different. We perform a canonical quantisation of a number of Kähler manifolds (classical phase spaces) whose (local) Kähler potentials are taken to be their classical Hamiltonian functions. Solving the corresponding time-independent Schrödinger equations, we observe that both the eigenvectors and the eigenvalues exhibit an unambiguous dependence on the complex structure chosen, despite the possibility of parallel-transporting them into those corresponding to another complex structure. As an example, what appears to be a semiclassical state (with respect to a certain complex structure) may well be mapped, by the parallel transport mentioned above, into a highly quantum excitation, as measured by a complex structure that is nonbiholomorphic with the former. Indeed, nonholomorphic maps involving not just z but alsoz, the corresponding quantum creation and annihilation operators are no longer kept separate. One can imagine a transformation mapping, e.g., a large number of creation operators (large quantum numbers: the semiclassical regime in terms of the original variables) into a large number of annihilation operators (small quantum numbers: the strong quantum regime in the new variables). This, of course, is just one conceivable example out of many possible, but it serves well to illustrate our point.
Mathematical background pertaining to the topics analysed here can be found in refs. [4, 5, 6] . References to the quantisation of Kähler manifolds, from different standpoints, are [7] for the homogeneous case, reviewed in [8] (Berezin quantisation); ref. [9] for the compact case (Berezin-Toeplitz quantisation), and [10] for the general case (deformation quantisation). From the point of view of geometric quantisation, the independence of the quantum theory with respect to the complex structure has been analysed in ref. [3] ; see also [2] . Although related with our theme, these approaches are entirely different from the viewpoint taken, the techniques applied, and the goals achieved here. We would also like to draw attention to some related papers [11, 12, 13, 14, 15, 16, 17, 18] , where issues partially overlapping with ours are dealt with.
Outline
In section 2 we introduce the Picard group of classical phase space as the parameter space for physically inequivalent vacua. Section 3 is devoted to analysing the classical and quantum dynamics defined by the Kähler potential, when the Kähler potential is chosen to be the classical Hamiltonian. Our analysis is first modelled on the case of the harmonic oscillator on Euclidean space, and then extended (in the appendix) to projective and hyperbolic spaces, as well as some generalisations, namely, Grassmann manifolds and bounded domains. In all these cases the Hilbert space of quantum states is explicitly constructed, by diagonalising the Kähler potential, i.e., by solving the Schrödinger equation. This is done locally over every coordinate patch on which the Kähler potential is defined. Whenever the corresponding manifold is not contractible, a set of transition functions are identified in order to define a (possibly nontrivial) bundle of Hilbert spaces over classical phase space. In section 4 we deform the complex structures on the above manifolds and determine the corresponding moduli spaces of complex structures. The same is done in section 5 for the deformations of the corresponding Kähler structures. These deformations are interpreted as dualities of the quantum theory in section 6. Explicit examples are presented and worked out in detail in the appendix (section 7).
Notations
Throughout this article, C will denote a real 2n-dimensional Kähler manifold that will play the role of classical phase space. We will denote the corresponding symplectic form and complex structure by ω and J , respectively. Since ω and J are compatible, holomorphic coordinates on C will also be Darboux coordinates, up to a possible conformal factor. We will normalise all symplectic forms such that the symplectic volume of C equals the dimension of the complex Hilbert space of states obtained by quantisation of C:
The linear 2n-dimensional space R 2n has the Darboux coordinates q k , p k , k = 1, . . . , n, and the symplectic form
The corresponding quantum operators satisfy
We endow R n with the Euclidean metric
Complex n-dimensional space C n has the holomorphic coordinates
and is endowed with the same metric as R 2n , now Hermitian instead of real bilinear,
The corresponding quantum operators
On a general Kähler phase space C other than C n , eqns. (2) to (8) will hold locally on every coordinate chart, possibly up to conformal factors.
Varying the vacuum
Given a complex manifold C, complex line bundles over it can be arranged into holomorphic equivalence classes, and the quotient set can be given a group structure. The result is the Picard group of C, denoted Pic (C) [5] . The way in which Pic (C) enters the quantum theory is as follows.
Assume that C is covered by a collection of holomorphic coordinate charts (U j , z k (j) ), where k = 1, . . . , n runs over the complex dimensions of C and j runs over all the charts in a holomorphic atlas. As in ref. [19] we erect, on every chart (U j , z k (j) ), a vector-space fibre that will play the role of the Hilbert space of states; this is done by identifying a vacuum state |0(j) and acting on it with (products of powers of) the creation operators (A k (j)) + . Assuming initially that the vacuum is nondegenerate, every choice of a set of holomorphic transition functions for the complex vector |0(j) defines a complex line bundle on C as we cover the latter with coordinate charts (U j , z
Hence the vacuum state defines a class of holomorphic vector bundles over C, i.e., an element of Pic (C). Conversely, every class in Pic (C) determines a holomorphic line bundle, whose fibrewise generator (a complex vector) we can take to be the vacuum state on each coordinate chart. The action of creation operators on this vector gives rise to excitations of the vacuum, i.e., quantum states.
Degenerate vacua can be treated similarly. Assume that we have a d-fold degenerate vacuum, spanned on the chart (U j , z k (j) ) by the vectors |0(j) 1 , . . ., |0(j) d . By the assumption of degeneracy, they are all physically indistinguishable, so it makes sense to consider their wedge product ∧ d m=1 |0(j) m , which changes at most by a sign under permutations of its d factors. Taking this wedge product to be the fibrewise generator of a line bundle over C, we determine a class in Pic (C). Now not every class in Pic (C) gives rise to a d-fold degenerate vacuum, as the transition functions must be such that a d-th root must exist, so that this root also defines a set of transition functions for each and every one of the d vectors |0(j) m . The assumption of degeneracy implies that the same set of transition functions must be valid for all m = 1, . . . , d. This can be ensured by taking the parameter space for inequivalent d-fold degenerate vacua to be the d-th power of the Picard group Pic (C). That is, we take the d-th power of all classes in Pic (C), as their d-th root is then (and only then) a true class. The resulting set provides the correct parameter space for degenerate vacua.
Kähler manifolds as classical phase spaces
The simplest Kähler manifold is the linear space C n . A possible Kähler potential is
the Kähler symplectic form being
The symplectic volume of C n is infinite,
C n being contractible, it can be covered with a single coordinate chart (the z k above), so all vector bundles over C n are necessarily trivial. In particular its Picard group is trivial, Pic (C n ) = 0.
We denote by |0 lin the fibrewise generator of the trivial complex line bundle over C n . Now the classical Hamiltonian function H lin on C n equals the Kähler potential (9), H lin = K lin . This is the dynamics of the n-dimensional linear harmonic oscillator, whose canonical equations of motion reaḋ
The quantisation of this dynamics is well known. 
and its eigenvalue equation
is solved by the eigenvalues E n = n k=1 m k + 1 2 , with the eigenstates
which are excitations of the vacuum |0 lin . The Hilbert space H lin is (the closure of) the linear span of all the states |m 1 , . . . , m n lin , where the occupation numbers m k k = 1, . . . , n, run over all the nonnegative integers. Thus H lin is infinite-dimensional, in agreement with eqns. (1), (11) . The previous results can be extended to more general Kähler manifolds. As before, let us consider a Kähler manifold C covered by a holomorphic atlas with coordinate charts (U j , z k (j) ). For simplicity we will drop the subindex j from our notations, bearing in mind, however, that we are working locally on the j-th chart. On the latter, Kähler potentials K(z k , z k ) are defined only up to gauge transformations
where F (z k ) is an arbitrary holomorphic function and G(z k ) an arbitrary antiholomorphic function on the given chart. Hence terms depending exclusively on z k or exclusively onz k can be gauged away. With this choice of gauge the Kähler potential on the given chart is unique, given that its overall normalisation is fixed by eqn. (1) . Such a potential always exists locally on a Kähler manifold C; it is a real, smooth function that factorises as the product of a holomorphic function
or, more generally, as a sum of such terms. In general, however, no Kähler potential can be defined globally on C, and cases like C n , where a global Kähler potential does exist, are rather exceptional. A nontrival de Rham cohomology group H 2 (C, R) is an obstruction to the existence of a globally-defined Kähler potential [4, 5] . Now let us assume that, on every coordinate chart (U j , z
Now for the potential (18) to satisfy the requirement (19) it is necessary and sufficient that it be U (n)-invariant. Indeed, given U ∈ U (n), consider the coordinates z k as a column vector and their complex conjugatesz k as a row vector, with the z
Then ||z|| 2 (or functions thereof) is the unique U (n)-invariant one can build. This assumption rules out potentials like, e.g., z 2z +z 2 z, whose summands are unbalanced, so to speak, in their holomorphic/antiholomorphic dependence. This gives a Kähler metric
In sections 7.3 and 7.4 we will generalise this dependence of the Kähler potential on ||z|| 2 to a dependence on tr(z + z), where z will be a matrix-valued coordinate. As a second assumption we will suppose that K C (||z|| 2 ), and its generalisation K C (tr(z + z)) of sections 7.3 and 7.4, are real-analytic functions in their respective arguments.
Under the above assumptions, we define a dynamics on C by taking the classical Hamiltonian function on the coordinate chart (U j , z k (j) ) equal to the Kähler potential on the same chart,
Now eqn. (21) defines only a local dynamics on C since, as explained above, a general C admits no globally-defined potential. More importantly, implicitly contained in eqn. (21) is the following statement: the space of all solutions to Hamilton's classical equations of motion with respect to the Hamiltonian (21) is the manifold C itself. Thus our choice (21) makes sense, because classical phase space is in fact the space of all solutions to Hamilton's equations (modulo possible gauge symmetries). Finally, the extrema of H C will always be minima, as follows from the positivity of the metric (20) . Thus picking a Hamiltonian equal to the Kähler potential is physically sound. In order to quantise the dynamics (21) on the coordinate chart (U j , z k (j) ) we will conformally transform the Kähler metric (20) into the Euclidean metric
by means of a coordinate transformation
Next we will replace the classical function ||w|| 2 with the operator of eqn. (14),
This quantisation prescription also carries a choice of operator ordering attached to it. Then the Kähler potential gives rise to a quantum Hamiltonian operator whose diagonalisation, in principle, can be performed using eqns. (14)- (16) . In this way we can erect, over each coordinate chart (U j , z k (j) ) on C, a vector-space fibre given by the Hilbert space of quantum states. However, in order to obtain the complete quantum theory, one also needs the following elements: i) the precise conformal transformation (22); ii) a set of transition functions for patching together the Hilbert-space fibres across overlapping charts (when C is not contractible); iii) the Picard group Pic (C) (when C is not contractible); iv) the symplectic volume of C. These points are best illustrated with the examples given in the appendix (section 7).
Complex-structure deformations
The analysis of sections 2 and 3 assumes that a complex structure has been picked on C and kept fixed throughout. However one can also consider varying the complex structure on classical phase space.
Let us first consider C n . It has a moduli space of complex structures that are compatible with a given orientation [20] . This moduli space is denoted M(C n ); it is the symmetric space
This is a compact space of real dimension n(n − 1). Here the embedding of U (n) into SO(2n) is given by
where A + iB ∈ U (n) with A, B real, n × n matrices [21] . Let us see how the symmetric space (24) appears as a moduli space [20, 21] . Consider the Euclidean metric g lin of eqn. (4) . Requiring rotations to preserve the orientation, the isometry group of g lin is SO(2n). In the complex coordinates of eqn. (5), g lin becomes the Hermitian form (6), whose isometry group is U (n). Notice that we no longer impose the condition of unit determinant, since
, every element of SO(2n), defines a complex structure on R 2n upon setting
Generically the w k are related nonbiholomorphically with the z k , because the orthogonal transformation
while satisfying the orthogonality conditions
need not satisfy the Cauchy-Riemann conditions
However, when eqn. (29) holds, the transformation (27) is not just orthogonal but also unitary. Therefore one must divide SO(2n) by the action of the unitary group U (n), in order to obtain the parameter space for rotations that truly correspond to inequivalent complex structures on R 2n ≃ C n . Nonbiholomorphic complex structures on C n are 1-to-1 with rotations of R 2n that are not unitary transformations. When n = 1 the moduli space (24) reduces to a point. Therefore on the complex plane C there exists a unique complex structure, that we can identify as the one whose holomorphic atlas consists of the open set C endowed with the holomorphic coordinate z = (q+ip)/ √ 2. Physically this corresponds to the 1-dimensional harmonic oscillator. Consider now n independent harmonic oscillators, where
Although it is never explicitly stated, the complex structure on this product space is always understood to be the n-fold Cartesian product of the unique complex structure on C. Obviously, removing the requirement of compatibility between the complex structure and the orientation chosen, we duplicate the number of complex structures.
Let us finally analyse the complex-structure moduli of projective and hyperbolic spaces (see appendix). For projective space we have CP n = C n ∪ CP n−1 , with CP n−1 a hyperplane at infinity. It follows that M(CP n ) = M(C n ). The case n = 1 is interesting because CP 1 = S 2 , the Riemann sphere. The latter can be regarded as the classical phase space of a spin-1/2 system, inasmuch as spin possesses a classical counterpart. Hence there are no complex-structure moduli on the Riemann sphere. For hyperbolic space we also have M(B n ) = M(C n ), since the complex structure on B n is the one induced by C n . Grassmann manifolds G r,r ′ (C) and bounded domains D r,r ′ (C) are natural generalisations of projective and hyperbolic space, respectively, so analogous conclusions apply to them.
Kähler deformations
Next we study the dependence of the quantum theory on the Kähler moduli, while keeping the complex moduli fixed, in the cases when C is linear space C n , hyperbolic space B n and projective space CP n . We will show that these 3 cases correspond to different approximation regimes of the Kähler class.
Let us first consider the restriction of the Kähler potential (9) to the unit ball B n , and let us deform it by a polynomial of degree N > 1,
This deformation gives rise to a new Kähler potential on B n . Let ω (N ) denote the deformed symplectic form corresponding to K (N ) , and let B 
For all finite N > 1, K (N ) is a Kähler deformation of K lin that increases the symplectic volume of B n . Then eqns. (15), (16) allow one to diagonalise the Hamiltonian
It has eigenstates |m 1 , . . . , m n lin corresponding to the (nondegenerate) eigenvalues
where the occupation numbers m k do not run over all the nonnegative integers: they are limited by the constraint (31) to a finite range. Although the precise value of this range is immaterial for our purposes, let us say that it can be determined (up to irrelevant multiplicative factors) as the whole part of the integral (31); as such it is a positive, monotonically increasing function of N , divergent in the limit N → ∞ where, thanks to the Taylor expansion (x = ||z|| 2 ) j+1 /j, lead to different deformations of the Kähler potential (9) on C n :
In the limit N → ∞, apply the Taylor expansion (x = ||z|| 2 )
initially only to the manifold B n for convergence. Once the series (36) has been summed up, take the left-hand side as the Kähler potential on all of C n , and declare the latter to be just one of the n + 1 coordinate charts on CP n described in section 7.2. Then this deformation of the linear dynamics reproduces the projective dynamics of section 7.2.
Conversely, taking due care of the domains for the coordinate charts, the hyperbolic and projective dynamics of sections 7.1 and 7.2 can be linearised, as per eqns. (34), (36), respectively, in order to yield the linear dynamics of section 3. In this way the effect of varying the Kähler moduli is to deform the symplectic volume of C. By eqn.
(1), this is reflected as a variation in the number of quantum states.
The moduli space of Kähler structures on CP n is R + , i.e., the positive reals. All these Kähler deformations are compatible with the fixed complex structure. (Kähler moduli are associated with what in ref. [19] we called representations for CP n ).
Discussion
Complex-differentiable structures on classical phase spaces C have a twofold meaning. Geometrically they define complex differentiability, or analyticity, of functions on complex manifolds such as C. Quantum-mechanically they define the notion of a quantum, i.e., an elementary excitation of the vacuum state. In this paper we have elaborated on this latter meaning. The mathematical possibility of having two or more nonbiholomorphic complex-differentiable structures on a given classical phase space leads to the physical notion of a quantum-mechanical duality, i.e., to the relativity of the notion of an elementary quantum. This relativity is understood as the dependence of the notion of a quantum on the choice of a complex-differentiable structure on C. We have summarised this fact in the statement that a quantum is a complex-differentiable structure on classical phase space. In this article we have proposed a solution to the problem suggested in ref. [1] , namely, how to implement duality transformations in the quantum mechanics of a finite number of degrees of freedom. We have first drawn attention to the key role that complex-differentiable structures on classical phase space play in the formulation of quantum mechanics, without resorting to geometric quantisation. This raises the question, how does quantum mechanics vary with each choice of a complex structure on classical phase space? What does it mean, to have different possible quantummechanical descriptions of a given physics? We claim that there are at least three ways in which one can obtain different quantum-mechanical theories over a given classical phase space, thus giving rise to dualities: i) by varying the ground state, i.e., the vacuum; ii) by varying the type of excitations of the vacuum, i.e., the creation and annihilation operators; iii) by varying the number of excitations of the vacuum, i.e., the dimension of the Hilbert space of quantum states.
Each one of these variations, while referring to the quantum theory, concerns properties of classical phase space. Moreover, each one of these variations has its own parameter space. The parameter space for physically inequivalent vacua is the Picard group of classical phase space (section 2). The parameter space for physically inequivalent pairs of creation and annihilation operators is the moduli space of complex structures on classical phase space (section 4). The parameter space for the dimension of the Hilbert space of states is the moduli space of Kähler classes on classical phase space (section 5).
On C n every complex structure induces a compatible symplectic structure, by taking the real and imaginary parts of z k = (q k + ip k )/ √ 2 as Darboux coordinates. On C n the converse is also true: Darboux coordinates can be arranged into the real and imaginary parts of holomorphic coordinates. Hence, on C n , there is a 1-to-1 correspondence between complex structures and symplectic structures, and a variation in one of them induces a corresponding variation in the other. Differences in the notion of an elementary quantum on C n can therefore be traced back to different choices of the classical symplectic structure. Moreover, the Picard group of C n being trivial, the corresponding vacuum is also unique (for each choice of a complex structure). Altogether there is no room for dualities on C n . However, on other classical phase spaces (see appendix) there is room for independent variations of complex and symplectic structures, and/or for choosing physically nonequivalent vacua. We have shown that, on the unit ball B n ⊂ C n , we can deform the symplectic structure while keeping the complex structure fixed. This is not quite a quantum-mechanical duality yet, as the quantum theory refers to a complex structure, but further examples can be manufactured. Thus, on the complex 1-dimensional torus one can vary the complex structure while keeping the symplectic structure fixed [22] . This is an example of a quantum-mechanical duality that passes completely unnoticed at the classical level, as it leaves the symplectic structure unchanged. On complex projective space CP n there is a nontrivial Picard group, which allows for different vacua [19] .
A duality arises as the possibility of having two or more, apparently different, quantum-mechanical descriptions of the same physics. Above we have enumerated three possible ways in which one can vary the description of a given physics. These facts imply that the concept of a quantum is not absolute, but relative to the quantum theory used to measure it [1] . That is, duality expresses the relativity of the concept of a quantum. In particular classical and quantum, for long known to be intimately related, are not necessarily always the same for all observers on phase space.
When C is not only complex but also Kähler, we have a natural arena for the study of quantum-mechanical dualities. A (local) classical Hamiltonian function can always be found, namely the Kähler potential, such that the corresponding canonical equations of motion have C as the space of all solutions. We have quantised this classical dynamics by means of a change of variables that essentially reduces the problem to a variant of the harmonic oscillator on Euclidean space C n (itself the simplest Kähler manifold). Now Kähler spaces typically have complex-structure deformation moduli as well as Kähler-deformation moduli. We have argued that moving around in their respective moduli spaces, i.e., varying these moduli, we obtain different quantum-mechanical descriptions of a given physics. This is precisely the notion of a quantum duality [1] .
It is important to stress that our interpretation of the dependence of the quantum theory on the complex structure on classical phase space does not clash with established knowledge. Geometric quantisation [2, 3] precedes the notion of duality [1] by many years. At the time when geometric quantisation was being developed there was no need to consider variations in the complex structure. Indeed the mere possibility of having to pick one particular complex structure was somewhat embarrrasing, as one then had to justify the choice of an unwelcome mathematical entity, or at least prove the independence of the quantum theory on the choice made. In the light of developments in string duality and M-theory, the notion of duality gives the choice of a complex structure on classical phase space an interesting physical interpretation.
Appendix: examples of dynamics on Kähler spaces
A number of examples are worked out explicitly in this section.
Hyperbolic space
Within C n we have the unit ball
Consider the Kähler potential on B
from which the hyperbolic symplectic form
and the hyperbolic metric
follow. Hyperbolic space is the Kähler manifold obtained by endowing the unit ball (37) with the Kähler potential (38). It has constant negative scalar curvature. The symplectic volume of B n is infinite,
B n is contractible. Hence it can be covered with a single coordinate chart (the z k above), and all vector bundles over B n are trivial. In particular its Picard group is trivial,
Let |0 hyp denote the (fibrewise) generator of the trivial complex line bundle over B n . We take the classical Hamiltonian function on B n equal to the Kähler potential (38). Let π rs hyp denote the Poisson tensor corresponding to the symplectic form ω hyp of eqn. (39). Now one can verify that the space of all solutions to Hamilton's equationṡ
is in fact B n . On the latter manifold the Hamiltonian (38) is bounded from below, as expected physically. The right-hand side of the equations of motion (43) contains the square root of the conformal factor
needed to transform the hyperbolic metric (40) into the Euclidean metric (6), i.e.,
The above conformal transformation to g lin = n k=1 dw k dw k is induced by the change of variables (22) that solves the differential equations
The solution to (46) provides us with a positive function h hyp (x) such that
Now let hyperbolic creation and annihilation operators (A 
can be reexpressed as
Quantum-mechanically we make the replacement
so the quantum Hamiltonian operator is
Diagonalising first the argument of the logarithm as in eqns. (14), (15), (16), the eigenvalue equation for the hyperbolic Hamiltonian (51) reads
where
The occupation numbers m k , k = 1, . . . , n, run over all the nonnegative integers, and the Hilbert space H hyp is (the closure of) the linear span of all the states |m 1 , . . . , m n hyp . Thus H hyp is infinite-dimensional, in agreement with eqns. (1), (41). One could also express quantum states on B n as the result of the action of hyperbolic creation operators
+ on the hyperbolic vacuum |0 hyp , at the cost of losing the nice interpretation of eqn. (53), namely, that each integer power of a creation operator contributes to the state |m 1 , . . . , m n hyp by one quantum.
When x → 0 we have h hyp (x) ≃ x. This ensures that, in the limit of small quantum numbers, eqns. (51) and (52) correctly reduce to their expected limits (14) and (15) . This makes sense as, in a neighbourhood of the origin in B n , the hyperbolic oscillator reduces to the linear oscillator, and curvature effects can be neglected. The limit of small quantum numbers is the strong quantum regime. On the contrary, in the limit of large quantum numbers, or classical limit, we have ||z|| → 1, ||w|| → ∞, so it must hold that h hyp (x) → 1 as x → ∞. Hence the effects of the negative curvature of B n can no longer be neglected as we approach the boundary of hyperbolic space. The effects of classical curvature due to the logarithm in the Kähler potential (38) are suppressed, or smoothed out, quantum-mechanically.
Projective space
Let Z 1 , . . . , Z n+1 denote homogeneous coordinates on CP n . The chart defined by Z j = 0 covers one copy of the open set U j = C n . On the latter we have the holomorphic coordinates z
. . , n + 1, k = j; there are n + 1 such coordinate charts. CP n is a Kähler manifold with respect to the Fubini-Study metric, with constant positive scalar curvature. On (U j , z k (j) ) the Kähler potential reads, dropping the subindex j for simplicity,
On the same chart, the projective symplectic form is
while the Fubini-Study metric reads
The Picard group is the additive group of integers [5] ,
The class l = 0 corresponds to the trivial complex line bundle; all other classes l = 0 correspond to nontrivial line bundles. On (U j , z k (j) ), we denote the (fibrewise) generator of the line bundle corresponding to the class l by |0(j) l proj . For simplicity we will concentrate on the class l = 1; see ref. [19] for the general case. Then the symplectic volume of CP n can be normalised as
As explained, we take the classical Hamiltonian function on the coordinate chart (U j , z k (j) ) equal to the Kähler potential (54). Let π rs proj denote the Poisson tensor corresponding to the symplectic form (55). Now the space of all solutions to Hamilton's equationṡ
is in fact the whole coordinate chart (U j , z k (j) ). The right-hand side of (59) contains the square root of the conformal factor
(60) that transforms the Fubini-Study metric (56) into the Euclidean metric (6), i.e.,
The above conformal transformation to g lin = n k=1 dw k dw k is induced by the change of variables that, on the chart (U j , z k (j) ), solves the differential equations
Thus, e.g., when n = 1, this change of variables is given by the usual stereographic projection from the plane to the Riemann sphere. By the same reasoning as in section 7.1, a positive function h proj (x) exists such that
Moreover, h proj (x) ≃ x when x → 0, because the projective oscillator approaches the linear oscillator in this limit. This corresponds to dropping the logarithm in the Kähler potential (54). On the coordinate chart under consideration,z k and z k respectively give rise to projective creation and annihilation operators (A 
Now quantum-mechanically we apply the replacement
so the quantum Hamiltonian operator is, on the given chart,
Proceeding as in previous sections we find
In agreement with eqns. (1), (58) proj . Transition functions for this bundle of Hilbert spaces over CP n have been given in ref. [19] . The corresponding bundles over C n and B n were trivial due to contractibility.
Grassmann manifolds
Let G r,r ′ (C) be the complex Grassmann manifold of r-dimensional hyperplanes in C 
and it reduces to projective space when r = 1. In order to obtain holomorphic coordinates on G r,r ′ (C), let M (r+r ′ , r; C) be the space of complex matrices with r columns, r + r ′ rows and rank r; this is the set of r linearly independent vectors within C r+r ′ . Each set of r linearly independent vectors within C r+r ′ determines an r-dimensional hyperplane. This gives a natural projection
Representing the coordinates on M (r + r ′ , r; C) by r × (r + r ′ ) complex matrices Z, we define a closed (1, 1)-form on M (r + r ′ , r; C) bỹ
Denote by ω Gr the projection ofω onto the base G r,r ′ (C), i.e., Π * (ω Gr ) =ω. Then ω Gr is the Kähler symplectic form of a Kähler metric g Gr on G r,r ′ (C). Write
where Z 0 is an r × r matrix and Z 1 is an r × r ′ matrix, and consider the open subset
0 , we may use the matrix z as a local holomorphic coordinate on U; there are r+r ′ r such coordinate charts, which turn G r,r ′ (C) into a Kähler manifold of complex dimension n = rr ′ . Since
, where 1 is the r × r identity matrix, we obtain
Therefore on G r,r ′ (C) there are holomorphic coordinate charts (U j , z 
with a Kähler symplectic form
and a Kähler metric
This metric is invariant under U (r + r ′ ), which acts transitively on G r,r ′ (C). Now the symplectic volume of G r,r ′ (C) is finite because G r,r ′ (C) is compact. Let us pick a vacuum |0 (l) Gr corresponding to the Picard class l, and normalise the symplectic volume of G r,r ′ (C) as
Essentially this choice of a vacuum corresponds, in the language of ref. [19] , to the fundamental representation of the unitary groups in eqn. (70); higher representations can be treated as in ref. [19] . Next we take the classical Hamiltonian function on the chart (U, z ab ) equal to the Kähler potential (75), 
is, on general grounds, the whole coordinate chart (U, z ab ). Hence our choice of a Hamiltonian makes sense. There is also a conformal factor
that transforms the metric (77) into the Euclidean metric (6), i.e.,
The above conformal transformation to g lin = tr (dw + dw) is induced by a certain change of variables on the chart (U, z ab )
defined as the solution to a set of differential equations whose specific expression is in general quite involved, as the variables are now matrix-valued. However it suffices to know that the metric (77) is conformal to the Euclidean metric on C n , n = rr ′ , to which it reduces in a neighbourhood of the origin. Indeed, in the limit z ab → 0, which is the strong quantum limit, the Kähler potential (75) simplifies to tr (z + z), which is the Hamiltonian for the harmonic oscillator on C n . Therefore a positive function h Gr (x) of the real variable x = tr (w + w) exists, such that h Gr (x) ≃ x in the strong quantum limit x → 0, and such that
for all z ab on the chart (U, z ab ). On the latter,z ab and z ab respectively give rise to Grassmannian creation and annihilation operators (A 
Now our quantisation prescription reads
The dagger on the right-hand side does not refer to the matrix indices on C rr ′ = C n , but to Hermitian conjugation on the Hilbert space of quantum states, which will turn out to be C n+1 . It is convenient to trade the double indices corresponding to the r × r 
Let π ab,cd Bd denote the Poisson tensor corresponding to the symplectic form (92). Picking a classical Hamiltonian equal to the Kähler potential,
we have that the energy is bounded from below, and the space of all solutions to Hamilton's equationsż 
is, on general grounds, the whole bounded domain D r,r ′ (C). Now the metric (93) is conformal to the Euclidean metric on C rr ′ ,
with a conformal factor
The above conformal transformation to g lin = tr (dw + dw) is induced by a certain change of variables
defined as the solution to a set of differential equations whose specific expression is in general quite involved, as the variables are again matrix-valued. However it suffices to know that the metric (93) reduces to the Euclidean metric on C n , n = rr ′ , in a neighbourhood of the origin. Indeed, in the limit z ab → 0, which is the strong quantum limit, the Kähler potential (91) simplifies to tr (z + z), which is the Hamiltonian for the harmonic oscillator on C n . Therefore a positive function h Bd (x) of the real variable x = tr (w + w) exists, such that h Bd (x) ≃ x in the strong quantum limit x → 0, and such that det(1 − z + z) = 1 − h Bd (tr (w + w)),
with the right-hand side always positive. From the variablesz ab and z ab we can construct bounded-domain creation and annihilation operators, (A 
The dagger on the right-hand side does not refer to the matrix indices on C rr ′ = C n , but to Hermitian conjugation on the Hilbert space of quantum states, which will turn out to be infinite-dimensional. This is a consequence of the infinite symplectic volume of D r,r ′ (C), 
Proceeding as by now usual we find 
